Abstract. In the present paper, we show that every fixed point theorem on G-metric (respectively partial metric) spaces implies a fixed point result on partial metric (respectively GP-metric) spaces. Our results generalized and unify several fixed point theorems in the context of partial metric spaces and GP-metric spaces in the literature.
Introduction and basic observations
Matthews, a computer scientists who is an expert on semantics, introduced the notion of partial metric spaces in 1992 [21] . Then, this concept was studied by many authors, for example see [1, 3, 4, 5, 7, 9, 16, 20, 24] .
Let X be a non-empty set. A partial metric is a function p : X × X → [0, ∞) such that, (P1) x = y if and only if p(x, x) = p(x, y) = p(y, y), for all x, y ∈ X, (P2) p(x, x) ≤ p(x, y), for all x, y ∈ X (small self-distances), (P3) p(x, y) = p(y, x), for all x, y ∈ X (symmetry), (P4) p(x, z) ≤ p(x, y) + p(y, z) − p(y, y), for all x, y, z ∈ X (triangularity).
The pair (X, p) is called a partial metric space. Also, each partial metric p on X generates a T 0 topology τ p on X with a base of the family of open p-balls {Bp(x, ǫ) : x ∈ X, ǫ > 0}, where Bp(x, ǫ) = {y ∈ X : p(x, y) < p(x, x) + ǫ} [7, 21, 22] . If p is a partial metric on X, then p s : X × X → [0, ∞) defined by p s (x, y) = 2p(x, y) − p(x, x) − p(y, y) is a metric on X.
Let (X, p) be a partial metric space. A sequence {x n } n≥1 in X converges to x ∈ X if lim n→∞ p(x n , x) = p(x, x) [21] . Also, {x n } n≥1 is called a Cauchy sequence whenever lim n,m→∞ p(x n , x m ) exists and is finite. A partial metric space (X, p) is said to be complete whenever every Cauchy sequence {x n } n≥1 in X converges to a point x ∈ X with respect to τ p , that is, lim n,m→∞ p(x n , x m ) = p(x, x).
Lemma 1.1. (see [22] ) Let (X, p) be a partial metric space. Then, (1) and G-metric spaces are established and then we show that any fixed point theorem on G-metric spaces implies a fixed point result on partial metric spaces. First, we recall some definitions of G-metric spaces and some properties of theirs. Let X be a non-empty set and
be a function satisfying the following conditions:
where p is a permutation of x, y, z ∈ X (symmetry in all three variables), (G5) G(x, y, z) ≤ G(x, a, a) + G(a, y, z) for all x, y, z, a ∈ X (rectangle inequality).
Then the function G is called a G-metric on X and the pair (X, G) is called a G-metric space. Let {x n } n≥1 be a sequence in X. {x n } n≥1 is called a G-convergent sequence to x ∈ X if, for any ε > 0, there is k ∈ N such that for all n, m ≥ k, G(x, x n , x m ) < ε [23] . {x n } n≥1 is a G-Cauchy sequence if, for any ε > 0, there is k ∈ N such that for all n, m, l ≥ k,
Proposition 2.1. (see [23] ) Let (X, G) be a G-metric space and let {x n } n≥1 be a sequence in X. Then the following are equivalent:
(1) the sequence {x n } n≥1 is G-Cauchy,
Definition 2.2. (see [23] ) A G-metric space (X, G) is said to be symmetric if G(x, y, y) = G(y, x, x) for all x, y ∈ X. (2.1) Example 1. Let X = S ω be the set of ω-sequences over a non-empty set S. The function
for all x, y, z ∈ X, is a G-metric on X such that (X, G) is symmetric. We note that G is a generalization of the well known Baire metric, see [15, 22] for more details.
Example 2. (see [2] ) Let X = [0, ∞) and
Then, (X, G) is a G-metric space and it is symmetric.
Example 2 leads us to the following result.
Proposition 2.3. Let (X, p) be a partial metric space and
Proof. The arguments are straightforward. As an illustration we prove (G2). If
Lemma 2.4. Let (X, p) be a partial metric space. Then the following statements hold.
) is Cauchy if and only if it is G-Cauchy in its associated
G-metric space (X, G p ).
(B) (X, p) is complete if and only if its associated G-metric space
Proof. (A) Let {x n } n≥1 be a Cauchy sequence in (X, p). Then by Propositions 2.1 and 2.3, it is easily seen that {x n } n≥1 is a G-Cauchy sequence in the G-metric space (X, G p ).
Conversely, suppose that {x n } n≥1 is a G-Cauchy sequence in (X, G p ) and ε > 0 is given.
Then there exists n 0 ∈ N such that 1 4 ε > G p (x m , x m , x n ) for all n, m ≥ n 0 , and so
by (P2). Consequently, the sequence {p(x n , x n )} is bounded in R, and so there exists a real number, say a, such that a subsequence {p(x n k , x n k )} is convergent to a, i.e.,
by (P2), which implies that
for all n, m ≥ n 0 , and so lim n→∞ p(x n , x n ) = a. Thus, for any δ > 0 there exists n δ such that |p(x k , x k ) − a| < δ and G p (x n , x m , x m ) < δ for all k ≥ n δ and so
for all n, m ≥ n δ . Hence, lim n,m→∞ p(x n , x m ) = a and so {x n } n≥1 is a Cauchy sequence in (X, p).
(B) Every G-metric space (X, G) which is symmetric induces a metric d G on X given by
Moreover, (X, G) is G-complete if and only if (X, d G ) is complete. It is easily seen that
for all x, y ∈ X. By Lemma 1.1, (X, p) is complete if and only if the metric space (X, p s ) is complete, and so the G-metric space (X, G p ) is G-complete if and only if (X, p) is complete. By the equality (2.3) and (P2), lim n,m→∞ G p (x, x n , x m ) = 0 if and
m ) and these are equivalent to
Remark 1. Haghi et al. [12, 13] showed that some of fixed point theorems in partial metric spaces can be obtained from metric spaces. From Proposition 2.3 and Lemma 2.4, it follows that some new fixed point results on partial metric spaces are immediate consequences of the existing fixed point theorems on G-metric spaces and so they are not real generalizations.
As a model example, we consider the following result of Karapinar and Agarwal [18] .
Theorem 2.5. (see [18] ) Let (X, G) be a G-metric space. If (X, G) is G-complete and We show that the following fixed point theorem on partial metric spaces is obtained by the above results.
Theorem 2.6. Let (X, p) be a complete partial metric space. If T : X → X is a mapping and the following condition holds, then T has a unique fixed point.
for all x, y ∈ X, where φ :
Proof. Let (X, G p ) be the G-metric space defined in Proposition 2.3. Since (X, p) is complete, then by Lemma 2.4, (X, G p ) is G-complete. Therefore, T has a unique fixed point since all conditions of Theorem 2.5 hold for the G-metric space (X, G p ).
Remarks on GP-metric spaces and fixed points theorems
Zand and Nezhad [1] recently introduced GP-metric spaces which are a generalization of the notions of partial metric spaces, and G-metric spaces which are symmetric. In this section, we show that every fixed point theorem on a partial metric space implies a fixed point result on its associated GP-metric space. Following Zand and Nezhad [1] , the notion of GP-metric space is given as follows.
Let X be a non-empty set and GP : X × X × X −→ [0, ∞) be a function satisfying the following conditions:
where p is a permutation of x, y, z ∈ X (symmetry in all three variables), (GP3) GP (x, y, z) ≤ GP (x, a, a) + GP (a, y, z) − GP (a, a, a) for all x, y, z, a ∈ X (rectangle inequality), (GP4) x = y = z if GP (x, y, z) = GP (x, x, x) = GP (y, y, y) = GP (z, z, z) for all x, y, z ∈
X.
Then the function GP is called a GP-metric on X and the pair (X, GP ) is called a GP-metric space. By (GP1) and (GP2), every GP-metric space (X, GP ) is symmetric, that is, GP (x, y, y) = GP (y, x, x) for all x, y ∈ X.
An open ball for (X, GP ) is a set of the form,
for each x ∈ X and ε > 0. Also, these open balls form a base for a topology τ GP on X.
Let (X, GP ) and (Y, GP 1) be two GP-metric spaces. A function f :
is said to be GP-continuous if for any ε > 0 and x 0 ∈ X there exists δ > 0 such that
Lemma 3.1. (see [5] ) Let (X, GP ) be a GP-metric space. Then GP (x, x, y) > 0 for all x, y ∈ X with x = y.
Definition 3.2. (see [1] ) Let (X, GP ) be a GP-metric space and let {x n } n≥1 be a sequence in X.
(i) {x n } n≥1 is called a GP-Cauchy sequence if lim n,m→∞ GP (x n , x m , x m ) exists (and finite).
(ii) (X, GP ) is said to be GP-complete if every GP-Cauchy sequence {y n } n≥1 converges to a point x ∈ X such that GP (x, x, x) = lim n,m→∞ GP (y n , y m , y m ).
Lemma 3.3. (see [1] ) Let (X, GP ) be a GP-metric space and {x n } n≥1 GP-convergent sequence to x ∈ X. Then {x n } n≥1 is a GP-Cauchy sequence and lim n,m→∞ GP (x, x n , x m ) = GP (x, x, x).
We will use the following definition of a GP-convergent sequence in a GP-metric space.
Definition 3.4. (see [2] ) A sequence {x n } n≥1 in a GP-metric space (X, GP ) is called a
The following theorem is needed in this paper. The proof of the following result is straightforward:
where
The following result is a direct consequence of Proposition 3.6 and the above definitions. 
Corollary 3.9. Let (X, GP ) be a GP-metric space and let (X, G GP ) be its associated Gmetric space. Then the following conditions hold.
(
1) A sequence is GP-Cauchy in (X, GP ) if and only if it is a G-Cauchy sequence in
(X, G GP ).
(2) (X, GP ) is GP-complete if and only if
Remark 2. From Proposition 3.6 and Corollary 3.7, it follows that a fixed point theorem on partial metric spaces implies a fixed point theorem on GP-metric spaces, and so by Theorem 3.8 and Corollary 3.9, from every fixed point theorem on G-metric spaces a fixed point result on GP-metric spaces can be obtained.
For instance, let (X, p) be a complete partial metric space, φ : X → [0, ∞) be a lower semi continuous function and T a self-mapping on X such that p(x, T x) ≤ φ(x)−φ(T x) for all x ∈ X. In 2011, Karapinar proved that the self-mapping T called a Caristi map on (X, p) has a fixed point [17] . Thus by the Karapinar result, the following fixed point Theorem on GP-metric spaces can be obtained. 
If (X, GP ) is GP-complete, then the self-mapping T has a fixed point.
Proof. By Proposition 3.6 and Corollary 3.7, (X, P GP ) is a complete partial metric space, where
Thus by hypothesis
The Karapinar result mentioned above completes the proof.
Finally, we present a new fixed point theorem on GP-metric spaces such that this theorem can not be obtained from the well known fixed point results by the above techniques. We will start with the following definition.
Definition 3.11. Let (X, GP ) be a GP-metric space and let φ :
is a GP-continuous function and {x n } is a GP-convergent sequence to x ∈ X such that the following implication holds,
for all x ∈ X the following inequality holds:
then T is called a Caristi map on (X, GP ).
Now we give a generalization of Theorem 3.10.
Theorem 3.12. Let φ : X × X → [0, ∞), T : X → X be two maps and let (X, GP ) be a
GP-metric space which is GP-complete. If φ is a T-l.s.c. function on X × X and T is a
Caristi map on (X, GP ). Then, T has a fixed point in X.
Proof. For x in X, let A(x) and a(x) denote the following sets:
. A sequence {x n } n≥1 can be constructed in the following way:
For every n ∈ N, one can easily observe that
and so {φ(x n , T x n )} is a decreasing sequence of non-negative real numbers Thus, the sequence {φ(x n , T x n )} is convergent to a real number L, and so by (3.8), we have
By (3.9), for each k ∈ N there exists N k ∈ N such that
Since {φ(x n , T x n )} is a decreasing sequence, we have
and so
By (GP3), (GP1) and (3.8), the following inequalities hold.
Similar to the above calculations we have the following inequalities.
By a simple induction, the following inequality holds.
By Theorem 3.8 and (GP1), we have:
Since the sequence {φ(x n , T x n )} is convergent, the right-hand side of (3.12) tends to zero, and so GP (x n , x m , T x m ) tends to zero as n, m → ∞. Thus by (3.13), {x n } n≥1 is G-Cauchy in the G-metric space (X, G GP ). Since (X, GP ) is GP-complete, then by Corollary 3.9 its associated G-metric space (X, G GP ) is G-complete. Thus there is z 0 ∈ X such that the sequence {x n } n≥1 is G-convergent to z 0 ∈ X, and so by Corollary 3.9
GP (z 0 , z 0 , z 0 ) = lim n→∞ GP (z 0 , x n , x n ) = lim n,m→∞ GP (x n , x m , x m ) ≤ lim n,m→∞ GP (x n , x m , T x m ) = 0. (3.14)
Thus, {x n } n≥1 is GP-convergent to z 0 and GP (z 0 , z 0 , z 0 ) = lim n,m→∞ GP (x n , x m , T x m ) and so by (3.9), φ(z 0 , T z 0 ) ≤ lim m→∞ infφ(x m , T x m ) = L since φ is T-l.s.c.. Therefore, the inequality (3.12) and Theorem 3. Therefore, (3.5) implies that z 0 ∈ A(x n ) for all n ∈ N and so by (3.9), L = lim n→∞ a(x n ) ≤ φ(z 0 , T z 0 ). Thus, L = φ(z 0 , T z 0 ).
By (GP3), (GP1) and (3.12) the following inequalities hold.
0 ≤ GP (x n , T z 0 , T 2 z 0 ) ≤ GP (x n , z 0 , z 0 ) + GP (z 0 , T z 0 , T 2 z 0 ) − GP (z 0 , z 0 , z 0 ) Example 3. Let X = [0, ∞) and GP (x, y, z) = max{x, y, z}, then (X, GP ) is a GP-metric space [1] . Suppose T : X → X such that T x = x 2 for all x ∈ X and φ(t, s) : X × X → [0, ∞) such that φ(t, s) = 2(t + s). Then, GP (x, T x, T 2 x) = max{x, x 2 , x 4 } = x and φ(x, T x) − φ(T x, T 2 x) = 3x 2 .
Therefore by Theorem 3.12, T has a fixed point. Notice that x = 0 is the fixed point of T .
